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Abstract 
A vertex x in a subset X of vertices of a graph is redundant if its closed neighbourhood is 
contained in the union of closed neighbourhoods of vertices of X - {x}. This paper describes 
the structure of bipartite graphs, chordal graphs and graphs of girth at least five in which every 
maxima1 set of vertices having no redundancies is maximum. 
1. Introduction and notation 
We use [2] for basic terminology and notation. We denote the vertex set of a graph 
G by I/(G) and the edge set by E(G). For a subset X of vertices of a graph G, G[X] 
and G - X denote the subgraph of G induced by X and V(G) - X, respectively. The 
(open) neighbourhood N(u) of a vertex u is the set of vertices adjacent to u, and the 
closed neighbourhood N[u] is {u)uN(v). More generally, N(X) = U,,~N(X) and 
N [X] = X u N(X) for a non-empty subset X of V(G). A vertex u of G is an end vertex 
if IN(u)1 = 1. Let 52 denote the set of end vertices of a graph. An end edge is an edge 
incident with an end vertex. 
ForasubsetXof I/(G)andavertexxinX,thesetZ(x,X) = N[x] - N[X - (x}], 
called the private neighbourhood of x in X, consists of those vertices of N [x] which are 
not adjacent to any vertex of X - {x}. A set J of vertices of a graph G is said to be 
irredundant if Z(v, J) # 8 for every u E J. A set D of vertices is dominating in G if 
N[D] = V(G). A set I of vertices is an independent set of G if N(l)nl = 8. The lower 
and upper irredundance numbers ir(G) and ZR(G) of a graph G are respectively the 
minimum and maximum cardinalities taken over all maximal irredundant sets of 
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vertices of G. The domination number y(G) and the upper domination number T(G) of 
G are respectively the minimum and maximum cardinalities taken over all minimal 
dominating sets of G. The independent domination number i(G) and the independence 
number cr(G) of G are respectively the minimum and maximum cardinalities taken 
over all maximal independent sets of vertices of G. Clearly every maximal independent 
set of vertices is dominating. It is also a simple matter to observe that a dominating set 
D is minimal if and only if 1(x, D) # 8 for every x E D. This implies that every minimal 
dominating set is a maximal irredundant set. Therefore the six graph parameters defined 
above are related by the following chain of inequalities observed by Cockayne et al. [S]: 
iv(G) < y(G) d i(G) < a(G) ,< T(G) < ZR(G). (*) 
Bollobas and Cockayne [l] have observed that if X is a maximul irredundant set of 
G and u E V(G) - N[X], then 1(x,X) E N(u) for some x E X. We will use this 
property of non-dominating maximal irredundant sets in our proof of Theorem 3. 
A graph G is well covered (well dominated, well irredundant, resp.) if every maximal 
independent (minimal dominating, maximal irredunant, resp.) set of G is a maximum 
independent (minimum dominating, maximum irredundant, resp.) set of G. Equiva- 
lently, G is well covered (well dominated, well irredundant, resp.) if i(G) = a(G) 
(y(G) = T(G), ir(G) = ZR(G), resp.). It follows from (*) that every well irredundant 
graph is well dominated and every well dominated graph is well covered. The concept 
of well coveredness was introduced by Plummer [ 111, while well dominated graphs 
were first studied by Finbow et al. [6]. Many details on domination, irredundance and 
well coveredness can be found in the survey papers [3,8,9,12]. In this paper we 
characterize well irredundant graphs within the following three families: bipartite 
graphs, chordal graphs, graphs of girth at least five. 
2. Results 
For a graph G and a family Z = {H,: v E V(G)} of non-empty graphs indexed by 
the vertices of G, the corona G 0 S of G and S is the disjoint union of G and H,, 
v E V(G), with additional edges joining each vertex v of G to all vertices of H,. If all the 
graphs of the family x are isomorphic to one and the same graph H, then we shall 
write G 0 H instead of G 0 Z. It is easy to verify that: (1) V(G) is a maximal irredu- 
ndant set in G 0 s’?; (2) a subset J of V( G 0 &) is a maximal irredundant set in G 0 L@ if 
and only if for each v E V(G), either v E J and J n V(H,) = 8 or ~$5 and Jn V( H,) is 
a maximal irredundant set of H,; (3) Z&Go%) = &,,,o,ZR(H,) and (4) for each 
v E V(G), ZR(H,) = 1 if and only if H, is a complete graph. The following proposition 
is a direct consequence of the above remarks. 
Proposition 1. Let G be a graph of order n, and let X = {H,: v E V(G)) be a family of 
non-empty graphs indexed by the vertices of G. Then (i) ir(G 0 A?) = n and (ii) G 0 S is 
a well irredundant graph tf and only tf s+? consists of complete graphs. 
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We begin by characterizing those connected graphs G in which every smallest 
dominating set (smallest maximal irredundant set) contains exactly I V(G)) /2 vertices. 
The equivalence of (1) and (3) is also given in [7] but we present a new and 
considerably shorter proof. 
Theorem 1. Let G be a connected graph of order 2n. Then the following statements are 
equivalent: 
(1) G = C4 or G = H 0 K1 for some connected graph H; 
(2) ir(G) = n; 
(3) Y(G) = n. 
Proof. The implication (1) * (2) is obvious if G = C4 and follows from Proposition 
1 if G = H 0 K,. The implication (2) * (3) follows from (*) and the observation that 
y(G) < ) V(G)l/2 for a graph G without isolated vertices. 
To prove the implication (3) * (l), assume G is a connected graph of order 2n with 
y(G) = n. Let D be a minimum dominating set of G. Then 1 D) = n and B = V(G) - D 
is another minimum dominating set of G. It follows from the Konig-Hall theorem (see 
[2, p. 2271) that G has a perfect matching M between D and 6; otherwise there exists 
a subset S of D such that lN(S)n61 < ISI and then D’ = (D - S)u(N(S)n@ is 
dominating in G with ID’J < n. Let M = {ulul, . . . , u,u,} be a perfect matching 
between D = {ul, . . . ,u,} and d = {ui, . . . , u,}. If every edge of M is an end edge of G, 
then certainly G = H 0 K1 where H = K1 if G = K2 or H = G - Q otherwise. Clearly 
H is connected since G is connected. Thus assume that M contains a non-end edge of 
G. Let ViUi be any such edge. Then the sets A = N(vi) - {ai} and B = N(ai) - {Vi} are 
non-empty, say x E A and y E B. Moreover, A n B = 0; for if there were t E A n B, then 
Vi and Ui would be dominated by t, and D’ = D - {ui} or D’ = D - (ui} would be 
dominating in G with ID’1 < n. Observe next that A = {x}, B = {y>, x and y are 
adjacent and xy E M; otherwise there are x’ E A, y’ E B, distinct edges 
ukuk, 111ul E M - { UiUi} such that X’E{uk,uk} and y’~ {Us,&}, and then 
D’ = (D - {Ui, Uk,ul})u {x’, y'} is dominating in G with (D’( < n. Consequently, xy is 
another non-end edge from M and it has the same properties as Uiui. Thus, since G is 
connected and N(x) - {y} = (Vi) and N(y) - {x} = {Ui}, G is a 4-cycle with 
V(G) = {Ui,Ui, X, y}. This completes the proof. 0 
As a consequence of this theorem we have the following characterization of well 
irredundant and well dominated bipartite graphs. The equivalence of (2) and (3) of the 
next corollary is also given in [6] but with a longer proof. 
Corollary 1. Let G be a connected bipartite graph. Then the following statements are 
equivalent: 
(1) G is well irredundant; 
(2) G is well dominated; 
(3) GE { KlrC4} or G = HoK1 for some connected bipartite graph H. 
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Proof. The implication (1) * (2) is obvious. The implication (3) + (1) is obvious if 
G E { Ki , C,} and follows from Proposition 1 if G = H 0 K1. To prove the implication 
(2) =-(3), assume G # K1 is a connected well dominated bipartite graph with biparti- 
tion (VI, V,). Then both I/, and V, are minimal dominating sets in G and, since G is 
welldominated,y(G) = IT/,1 = IV,1 = lV(G)l/2.N ow it follows from Theorem 1 that 
either G = C4 or G = Ho K1 for some connected graph H. In the latter case H is 
bipartite since G is bipartite. 0 
Remark 1. Let G be a non-trivial connected graph of order p and let E(G) denote the 
maximum number of end edges in a spanning forest of G. In [lo], Nieminen proved 
that y(G) + s(G) = p. Consequently, E(G) > p/2 (since y(G) d p/2) and it follows from 
Theorem 1 that this lower bound for s(G) is attained if and only if G = C, or 
G = H 0 K1 for some connected graph H. Similar remarks may be given for other 
Gallai-type results (see [4]) which involve the domination number. 
A vertex u of a graph G is said to be simpliciaZ if G[ N[u]] is a complete graph. 
A clique of a graph G containing at least one simplicial vertex of G is called a simplex 
of G. A graph G is chordal if every cycle of G of length four or more possesses a chord. 
Our next theorem describes well irredundant chordal graphs. In the proof, we will use 
the following propositions. 
Proposition 2 (Prisner et al. [13]). A chordal graph G is well dominated (well covered) if 
and only if every vertex of G belongs to exactly one simplex of G. 
Proposition 3. Let X be a set of vertices of a graph G. If every vertex of X belongs to at 
least one simplex of G but no two of them belong to the same simplex, then X is 
irredundant in G. 
Proof. For x E X, let S be a simplex containing x and let s be a simplicial vertex from 
S. Since x is the only vertex of Xn V(S), s E 1(x,X) and this implies the irredundance 
OfX. l-J 
Theorem 2. A chordal graph G is well irredundant if and only if 
(1) every vertex of G belongs to exactly one simplex of G and 
(2) if G has an induced subgraph A given in Fig. 1, then the unique vertex of degree two 
in A is not a simplicial vertex of G. 
Proof. Let G be a chordal graph. Let S1 , . . . , S, be the simplices of G and S a set of 
n vertices containing exactly one simplicial vertex Sir say, from each Si. 
Assume G is well irredundant. Then G is well dominated and by Proposition 2, 
every vertex of G belong to exactly one of the simplices Sr, . . . ,S,. In addition, S is 
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a maximal irredundant set in G. Suppose G has an induced subgraph A (see Fig. 1) 
whose unique vertex s of degree two is a simplicial vertex of G, say s = sl. Then the 
neighbours a and b of s belong to S1 but their neighbours c and d belong to two other 
simplices of G, say c is in SZ and d is in Sa. Now S’ = {a, b} u { s4, . . . , s,} is another 
maximal irredundant set in G and 1 S’ ) < 1 S 1 which contradicts the well irredundance of G. 
Conversely, assume G has properties (1) and (2). It is obvious from (1) that every 
minimal dominating set of G contains exactly one vertex from each simplex of G. 
Therefore y(G) = T(G) = n. Let J be a maximal irredundant set of G. The proof will 
be complete if we show that 1 V(Si) n J I = 1 (i = 1, . . . , n), which, in turn, implies that 
I JI = n. First we show that ( V(Si) n JI < 1. If this is not the case, let a and b be distinct 
vertices from v(Si)n J. Note that neither a nor b can be a simplicial vertex, else 
J would not be irredundant. On the other hand, if a and b are non-simplicial vertices 
from Si, then for any c E Z(a, J) and d E Z(b, J), G[{si,u, b,c,d}] is isomorphic to A, 
a contradiction to (2). Hence, I v(Si)n Jj < 1. Finally, I’(Si)n J # 8, for otherwise 
Ju {si} is irredundant (by Proposition 3) and this contradicts the maximality of J. 
This completes the proof. 0 
Remark 2. It is easy to observe that in the characterization of well irredundant 
chordal graphs, condition (2) of Theorem 2 may be replaced by each of the following 
conditions: (2’) if G has an induced subgraph A’ given in Fig. 1, then at least one 
simplicial vertex of A’ is a non-simplicial vertex of G; (2”) if vertices x and y belong to 
the same simplex of G, then at least one of the sets N [x] - N [y] and N [y] - N [x] is 
empty. 
A connected graph without cut vertices is called a block. A block of a graph G is 
a subgraph of G which is itself a block and which is maximal with respect to this 
property. A block B of G is an end block if B contains at most one cut vertex of G. 
A graph G is a block graph if every block of G is complete. Note that every block graph 
is a chordal graph. 
Corollary 2. Zf G is a connected block graph, then the following statements are equivu- 
lent: 
(1) G is well irredundunt; 
(2) every vertex of G belongs to exactly one end block of G; 
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Fig. 2. 
(3) G = K1 or G = Ho{H,: u E V(H)) where H is a connected block graph and every 
graph of the family {H,: u E V(H)) is complete. 
Proof. The result is obvious if G = K1 or G = K1 0 K,_ 1 = K, for n 2 2. Thus assume 
that G is a connected non-complete block graph and let C be the set of all cut vertices 
of G. 
Assume that every vertex of G belongs to exactly one end block of G. For v E C, let 
B, be the end block of G that contains v. Certainly, the subgraphs H, = B, - u are 
non-empty and complete. In addition, G[C] = G - UoEc V(H,) is a connected block 
graph. Further, the corona G [C] 0 {H,: u E C} is well irredundant by Proposition 1. 
Thus, G is well irredundant since G is isomorphic to G [C] 0 {H,: u E C}. This proves 
th implications (2) => (3) * (1). 
Assume G is a well irredundant block graph. Then, by Theorem 2, every vertex of 
G belongs to exactly one simplex and it remains to show that every simplex of G is an 
end block. Suppose G has a simplex S which is not an end block. Then S has 
a simplicial vertex s, say, and distinct cut vertices c1,c2 of G. Further, since ci has 
a neighbour di such that di and c3 _t belong to different components of G - ci (i = 1,2), 
the set {s, cl, c2, dI, dz > induces in G a graph A which contradicts Theorem 2(2). This 
proves the implication (1) *(2) and completes the proof. 0 
For the next theorem, we need the following notation and proposition from [6]. 
A cycle C of a graph G is said to be basic if C is of length 5 and does not contain two 
adjacent vertices of degree three or more. Let 9% be the family of graphs defined as 
follows: A graph G belongs to the family 9% if its vertex set can be partitioned into 
two subsets, say V, and V,, where V, consists of the vertices incident with the end 
edges of G and, in addition, the end edges form a perfect matching of the subgraph 
G[V,], while V, consists of the vertices of the basic 5-cycles and the vertex sets of the 
basic 5-cycles form a partition of I’,. Note that the subgraph G [ I’,] is the corona of 
some graph H and K1. Fig. 2 contains a graph G which belongs to the family S@; the 
solid vertices form a maximal irredundant set of G. 
Proposition 4 (Finbow et al. [6]). (i) Zf a graph G belongs to the family PZ, then G is 
well dominated if and only iffor every pair of basic Scycles there is either no edge joining 
them, exactly two edges and they are vertex disjoint, or four edges. 
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Fig. 3. 
(ii) If G is a connected graph of girth at least$ve, then G is well dominated if and only 
ifeither G = K1, or G is one of the graphs CT, PI,,, and PI4 in Fig. 3, or G belongs to the 
family 9% and for every pair of basic Scycles there is either no edge joining them or 
exactly two edges and they are vertex disjoint. 
(iii) A connected graph of girth at least six is well covered if and only if it is well 
dominated. 
Proposition 4(ii) is not stated explicitly in [6], but it is an immediate consequence of 
the results of [IS]. Our next results are counterparts of Proposition 4 for well 
irredundant graphs. 
Theorem 3. Zf a graph G belongs to the family 959, then G is well irredundant ifand only 
iffor every pair of basic Scycles there is either no edge joining them, exactly two edges 
and they are vertex disjoint, or four edges. 
Proof. If G E 9% and G is well irredundant, then G is well dominated and the “only if” 
part of the theorem follows from Proposition 4(i). 
Conversely, assume G E 9% and for every pair of basic 5-cycles of G there is either 
no edge joining them, exactly two edges and they are vertex disjoint, or four edges. Let 
J be a maximal irredundant set in G. To prove that G is well irredundant, it suffices to 
show that (J1 = 1 &I + 2]Ce( where E, is the set of end edges of G and C is the set of 
basic 5-cycles of G, respectively. Since J is irredundant, every end edge of G has at 
most one vertex in J and every basic 5-cycle has at most three vertices in J. Thus, E, 
can be partitioned into two subsets EL = (vu E E,: 1 {u, u} n JI = i}, i = 0,l. Similarly, 
%? can be partitioned into four subsets % = {C E %: I V(C)nJI = i}, i = 0, 1,2,3. 
certainly, I4 = I-%1 + I%1 + W&l + 3l%l = l&l + 2W’l + Ml - IEZI - WGI - IYI) 
and it suffices to prove that \%$I = IE,“I + 2l@,l + I%‘iI. 
We now give a few remarks needed for the rest of proof. We omit simple proofs of 
the first four properties. 
(1) If C E woo, then C has 2 vertices of degree three or more. 
(2) If C E ‘$?i, then C has 2 vertices of degree three or more and the unique vertex of 
V(G)nJ is adjacent to exactly one of them. 
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(3) If C E %‘3, then one vertex of V(C) n J is of degree at least three, we denote it by 
t(C), and the other two are of degree two and adjacent to t(C). 
(4) Z(x,.Z)nQ # 0 if x B Jn V,. 
(5) Let x and u be vertices such that x E J, v E V(G) - (Jus2) and Z(x,J) = {v}. If 
x and u do not belong to the same basic 5-cycle, then x = t(D) for a cycle D E 5~7~. 
The assumptions and (4) imply that x belongs to some basic 5-cycle 
D=(xl,..., x5), say x = x1. Since Z(xr , J) = {u} is disjoint with V(D), it follows that 
V(D)nJ = {x1,x2,x5); otherwise {x2,x5}nZ(xl,J) # 8 or J is redundant. Thus, 
D E ‘4& and x = t(D). 
(6) For any C E ‘&, no vertex of Z(t(C), J) belongs to Sz or to a cycle from %$ u ‘;k;. 
Since GEM%‘, no vertex of V, is adjacent to an end vertex of G and so 
Z(t(C),J)nQ=@ Suppose C=(X~,...,X~)E&, V(C)nJ= {xi =t(C),xz,xg} (see 
(3)), and a vertex x of Z(xr, J) belongs to a basic 5-cycle D = (yl,. . . , ys). We may 
assume that x = y, and x3 is adjacent to y, (and possibly to y, but then x1 is also 
adjacent to y3). Since y, E Z(xl,.Z), no vertex of N[yi] - {x1} belongs to J. In 
particular, (yl, y,, y,} n J = 8. Similarly, since x3 E Z(xz, J), no vertex of 
N[x3] - {x2> belongs to J and so y,$J. Thus, (V(D)nJI d 1 and so D#%zu%?S. 
Let S = P,,u PI uPz, where PO, P, and Pz are vertex sets defined by 
P,, = {u E V, - Q: u is incident with an end edge from EE}, 
P, = {uEV~: d(v)>3 and UE V(C)-N[V(C)nJ] for some CE’&>, 
Pz = {v E V,: d(u) > 3 and u E V(C) for some C E %‘,,}. 
Certainly, 1 PO 1 = 1 Ez 1. Similarly, it follows from (1) and (2) that ( Pz I = 2 I Gf$ I and 
) PI ) = I ‘ik; 1, respectively. Hence, ) S( = I EE) + 2 I ‘;kb I + ) VI 1. From (3), (6) and the def- 
inition of private neighbourhood it follows that { Z(t(C),J): C E w3is3) is a family of 
non-empty disjoint subsets of S. Thus, 
ISI 2 cvq I@ (C),4 = c IZ(t(C), J)I a W3l. 
3 CEW3 
The proof will be complete if we show that for every u E S there is D E q3 such that 
Z(t(D), J) = (~1, which, in turn, implies that (S( < I’ik; I and consequently 
IV31 = ISI = lE:l + 2(%&l + l’ik;I. To prove this, we consider three cases. 
Case 1: VE PO. Let UEQ be such that UUE Ez. Since u$N[J] and N(u) = {u}, 
there exists x in J such that Z(x, J) = {v}. This and (5) imply that x = t(D) for some 
D~48,. 
Case2: vEPl. Let C=(al,... ,a5) E VI be the cycle containing u. By (2) we may 
assume that &al) > 3, d(a,) 2 3, V(C)nJ = {ad} and u = a,. Now a,$N[J], so 
there is x E J such that Z(x, J) G N(a,) = { al, a3}. Since a4 E Z(a4, J) and a3 E N(a,), 
we have x # a4 and Z(x, J) = (al >. By (5), there is D E ‘if?3 such that Z(t(D), J) = {al >. 
Case3: vEPz.LetC=(al,... ,a,) E %io be the cycle containing v. By (1) we may 
assume that d(al) 2 3 and d(a3) 2 3, so UE {a1,a3}. Since {az,a4,a,}nN[J] =O, 
there are x,y E .Z such that Z(x, J) c N(a5) = {ai,a4} and Z(y,J) E N(a4) = {a3,a5). 
Consequently, Z(x,J) = {al},Z(y,J) = {a3} (and Z(x, J)uZ(y,J) = N(az)) since 
J. Topp, P.D. Vestergaard / Discrete Applied Mathematics 63 (1995) 267-276 215 
a,,a=,$N [J]. Now it follows from (5) that there are cycles D and D’ in $$ such that 
I(t(D),J) = {al} and r(t(D’),J) = (a3}, respectively. 
This completes the proof. 0 
It is easy to verify that the graphs C, and PI0 of Fig. 3, together with K1 , are well 
irredundant, whereas PI4 is not well irredundant because { 1,2,3,4,5,6,7) and 
{a, 2,4,5,7} are both maximal irredundant sets in P14. This observation, Proposition 
4 (ii) and (iii) and Theorem 3 immediately imply the following corollary. 
Corollary 3. (i) Let G be a connected graph of girth at least jive. Then G is well 
irredundant if and only if either G = K1, or G is one of the graphs C, and PI0 of Fig. 3, 
or G belongs to the family BW and for every pair of basic 5-cycles there is either no edge 
joining them or exactly two edges and they are vertex disjoint. 
(ii) If G is a connected graph of girth at least six, then the following statements are 
equivalent: (a) G is well irredundant; (b) G is well dominated; (c) G is well covered; 
(d) GE{K~,C-,)U{H~K,: His a connected graph ofgirth b 6). 
Note that all well dominated graphs of the family 9% are well irredundant and, 
certainly, vice versa. Moreover, the graph PI4 (shown in Fig. 3) is the generalized 
Petersen graph P,, 2 and it is the only connected well dominated graph of girth at least 
five which is not well irredundant. 
We conclude this paper with a characterization of well irredundant unicyclic 
graphs. A graph is unicyclic if it is connected and has exactly one cycle. Let % be the 
set of all unicyclic graphs, and we let X@ = {H 0 K,: H E @}. We say that a graph 
G is in the family YS if G E % n .9’v and it has a basic 5-cycle. Finally, a unicyclic graph 
G is in the family 9”: if G = T 0 2 where T is a tree and the family X = {H,: 
v E V(T)} consists of K2 and 1 V( T)I - 1 copies of K1. The next corollary may be 
obtained by routine arguments from Proposition 1 and Corollaries l-3. 
Corollary 4. A unicyclic graph G is well irredundant if and only if G E {C,, C,} 
vYpv~~v.x%. 
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